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Equations are  constructed for de te rmin ing  the re la t ive  strains and 

stresses i n a n  infini te  p la te  of viscoelas t ic  ma te r i a l  exposed to 

s y m m e t r i c a l  hea t ing .  Possible methods of solving these equations 

are  examined  in re la t ion  to various models .  

The appl ica t ion of the t i m e - t e m p e r a t u r e  s u p e r -  
pos i t ion  p r inc ip l e  cons ide rab ly  s impl i f i e s  the solut ion 
of p r o b l e m s  of the theory of t he rmov i scoe l a s t i c i t y .  
However,  for c e r t a i n  s t r u c t u r a l  p l a s t i c s ,  inc luding a 
n u m b e r  of g l a s s - r e i n f o r c e d  p la s t i c s ,  this p r inc ip le  is 
e i ther  inappl icable  or  can be applied only within a 
very  l imi t ed  t e m p e r a t u r e  range .  Fo r  these m a t e r i a l s  
it is  n e c e s s a r y  to obtain a solut ion with al lowance for  
the t e m p e r a t u r e  dependence of the mechan ica l  c ha r -  
a c t e r i s t i c s  of v i scos i ty  and e las t ic i ty .  

We will cons ide r  one of the s i m p l e s t  of these p r ob -  
l ems .  An inf in i te ly  long plate  (Fig. 1) of width 2R is  
subjected  to nons t a t i ona ry  heat ing s y m m e t r i c a l  about 
the X-ax i s .  In this case  the c ro s s  sec t ions  of the 
plate  a re  f ree  of bending momen t s  about the Y-ax i s ,  
and the re l a t ive  s t r a in s  in the d i r ec t ion  of the longi-  
tudinal  X-ax i s  do not depend on the Z coordinate  and 
are  equal (e x = const) .  

We will  d e t e r m i n e  the t ime  dependence of the r e l a -  
t ive s t r a i n s  and s t r e s s e s  in the plate  in the d i r ec t ions  
of the axes X, Y, Z. 

1. Hooke m a t e r i a l .  For  this  m a t e r i a l  the s t r e s s -  
s t r a i n  r e l a t i on  for  uniaxia l  s ta tes  of s t r e s s  has the 
fo rm 

u = E s - - E a T .  (1) 

Applying this r e l a t ion  to our  p rob lem,  we obtain 

~x=Es~--EaT,  uu=E%--EaT=O,  

~ = E e l - - E a T  = 0. (2) 
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Fig.  1. Model of t e m p e r a t u r e  act ion on plate. 

F r o m  the f i r s t  of Eqs. (2) we find t h a t i n t h e  absence  
of ex te rna l  forces  Px = Py = Pz = 0 with al lowance for  
heat ing s y m m e t r y  

R R 
.t" EexdZ -- j 'EaTdZ =Px = 0 .  (3) 
0 0 

We will  denote m e a n  in tegra l  values  of the quan- 
t i t ies  over  the width of the plate by a ba r ;  then f rom 
Eq. (3) with ~ = const  we find that 

R 
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~ - ~ - ~ -  (4 )  
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Simi l a r ly ,  for the other two d i rec t ions  ey = a T ;  
e Z = oLT. 

In these  exp re s s ions  the t e m p e r a t u r e  T is a func-  
t ion of the coordina te  X and t ime t: T = T(Z , t ) .  In 
accordance  with (2), 

o~=Ea(  ET-~---T) 

% = 0 ,  ~ = 0 .  (5) 

In the p a r t i c u l a r  ease with E = const  it follows 
f rom (5) that 

% = E ~ ( ~ - -  T)*).  (6)  

Using (6) we can obtain the analyt ic  dependence 
(~z(Z,t), ff the law of t e m p e r a t u r e  vaia t ion T(Z , t )  is 
given. Thus,  for boundary  condi t ions  of the f i r s t  kind 
the exact so lut ion of the p rob lem has the form [1] 

~ (Z, t) = E ~ (To - -  Ts) • 

x~ ,~(B~--A,  cosb%--~)exp(--bt~Fo ). (7) 
1 

Star t ing f rom a ce r t a in  ins tant  of t ime  (Fo = Fol  > 
> 0.1) with a high degree  of accuracy  we can confine 
ou r se lves  to a s ingle  t e r m  of s e r i e s  (7): 

*The fo rmulas  obtained r e l a t e  to a max ima l ly  thin 
plate  (5 << R). If the th ickness  of the plate  is com-  
m e n s u r a b l e  with the width (5 ~ R), then az = 0, cr x = 
= Cry = (Ec~/(1 - /~)('~ - T). 
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~ ( z ,  t) : E ~ ( T o - -  T~) • 

x(B~--AlCOS~q@) \ exp (-- l.t2 Fo). (8) 

2. Maxwell m a t e r i a l .  The s t r e s s - s t r a i n  r e l a t i o n  
for  this m a t e r i a l  in uniaxial  s ta tes  of s t r e s s  is given 
by 

E(8--aL#) = n a  + b. (9) 

Going over  to f ini te  d i f fe rences ,  on the bas i s  of 
(9) for  the ins tant  of t ime  t + ] we can wri te  

at+l=Eet+l--Est+ 

+ E a T t - -  E a Tt+l - -  n etA t + at. (1 O) 

We use Eq. (10) to ca lcula te  the s t r e s s e s  in the 
plate .  Since there  a re  no ex te rna l  fo rces ,  

k 
X o i , t + I A Z = P , = O  ( i =  1,2 ..... k). (11) 

1 

On the bas i s  of (10) 

le 

At Z niaiaAZ 
1 

et+i - st + ,~ + 

X EiAZ 
1 

E Z e, .r ,;Az 
_[_ I I _ _  

I~ 

2 EiAZ 
I 

(12) 

whence, again going over to infinitesimals, 

n d n 
na~dZ -- ~ ETdZ 

~ o dt o 
- -  R - ~ - ~  R 

0 o 

(13) 

Using our m e a n - i n t e g r a l  notat ion,  we f ina l ly  wr i t e  
Eq. (13) in the form 

s  ~ ~ e  = n ~ .  ( ] 4 )  

In s t r u c t u r e  this equation is analogous to re la t ion  (9), 
but contains  the averaged values of the co r r e spond ing  
quant i t ies .  

E l imina t ing  the re la t ive  s t r a i n  e x f rom (9) and (4), 
we es tab l i sh  that 

E-~ (no+;~)+Ea~--a dT n ~ - - ~ = 0 .  ( 1 5 )  
E 

Atc~ = 0  

~ -  (no + ~ ) - -  n o - - a  = O. ( 1 6 )  

Equation (15) is an in tegra l  equat ion in the unknown 
funct ion a(Z, t ) ;  in the genera l  case  it admits  of only 
an approximate  analyt ic  or n u m e r i c a l  solut ion.  One 
of the poss ib le  approximate  methods of solving this 
equation is the col locat ion method. In accordance  with 
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the col locat ion p rocedure  [2], the solut ion of Eq. (15) 
is found in the fo rm of a sum of known (coordinate) 
funct ions : 

Om(Z,O C~qD~(Z,t), (17) 
1 

where  Ct, C2, C a . . . . .  C m a r e u n s p e e i f i e d e o e f f i e i e n t s .  
Subst i tu t ing (17) into Eq. (]8), we obtain the e r r o r  

In a,,, (Z. 0 + b,,  (z, t)] - -  R (~.,) = y 

- n~,~ (z, t) - ~m (z, t) + ~  ~ f -  ~ ~ - .  (18) 

We then se lec t  the p a r a m e t e r s  Ctl Cz . . . . .  C m 
so that the e r r o r  R(am) van i shes  in the given sys t em 
of points  Z i (i = 1, 2, 3 . . . . .  m) on the in te rva l  (0,R(Z)) 
(col locat ion points) ,  i . e . ,  we a s s u m e  that 

R [a,~ (Z31 = 0 (i = 1, 2 . . . . .  m), 

O.~ZI<Z2<. . .<Z , ,_ I<Z ,~<R(Z  ). (19) 

F r o m  this condit ion we obtain an a lgebra ic  l i nea r  
s y s t e m  of equat ions in the unknowns C~, C a . . . . .  Cm: 

t)] =o. (20) 
1 

By this method,  provided that a m converges  to the 
exact solut ion (as m tends to infini ty) ,  we can find the 
approximate  solut ion with any degree  of accuracy  by 
taking a suff ic ient ly  l a rge  n u m b e r  of p a r a m e t e r s  C 1, 

C2 . . . . .  C m. 
As an example we will  obtain the solut ion of Eq. 

(15) for the heat ing of a plate at cons tant  sur face  t e m -  
p e r a t u r e  (boundary condit ions of the f i r s t  kind). Fo r  
s impl i c i ty  we se t  E = const  and a s s u m e  that C z = "- 
C a = . . .  = C m = 0. We find the solut ion (for Fo > 0.1) 
taking (10) into account in the fo rm in which the e las t ic  
solut ion was obtained:  

=Ea(To--T~) • 

( Z ) exp(-- ~ Fo). (21) • B~--A~cos~x~- 

Here ,  C 1 is an unspecif ied  coeff icient .  
We subst i tu te  (21) into Eq. (17). Making the sub-  

s t i tu t ions  

8 4 
B I = - - "  A I = - - ;  ~ 1 -  , 

~ ' ~ 2 

for  the col locat ion point  Z = R we find that 

~2 a 
C~ = (22) 

~ - -  ~ Z  ) 
~2a + 4R ~ n - - n - -  -- n cos - -  

2 2R 

The value of C 1 is f ina l ly  ca lcula ted  f rom the given 
t e m p e r a t u r e  dependence of the p a r a m e t e r  n of the 
Maxwell ma t e r i a l .  

The graphs in Fig.  2 r e p r e s e n t  the va r i a t ion  of the 
s t r e s s e s  with t ime  in a plate  10 m m  wide at T o = 20 ~ C 
and T s = 60 ~ C. The mechan ica l  and the rmophys ica l  
p rope r t i e s  of the plate m a t e r i a l  co r re spond  to the 
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Var i a t i on  of the s t r e s s e s  (kg / cm 2) with t ime  (see) .  The  

f i g u r e s  on the c u r v e s  a r e  the c o o r d i n a t e s  of the poin ts  in m m  ove r  
the t h i cknes s  of the p la te .  Solid l i n e s - - e l a s t i c  so lu t ion ,  dashed  

l i n e s - - s o l u t i o n  for  a Maxwel l  m a t e r i a l .  

p r o p e r t i e s  of po lyme thy l  m e t h a c r y l a t e .  The  so l id  l ines  
r e p r e s e n t  the s t r e s s e s  c a l c u l a t e d  f r o m  Eq. (8) on the 
a s s u m p t i o n  that  the m a t e r i a l  is  e l a s t i c .  The dashed  
l ines  c o r r e s p o n d  to so lu t ion  (21). As fo l lows f r o m  the 
g raph ,  s t a r t i n g  f r o m  a c e r t a i n  momen t  of t ime  (Fo = 
= 0.1) the s t r e s s e s  in the p la te  v a r y  exponen t i a l ly .  
Taking  the v i scous  p r o p e r t i e s  into account  r e d u c e s  
the s t r e s s  l eve l s  at a l l  poin ts  of the  p la te .  

3. Voigt m a t e r i a l .  The s t r e s s - s t r a i n  r e l a t i o n  for  
a Voigt m a t e r i a l  in un iax ia l  s t a t e s  of s t r e s s  is  

= E (a -- a T) --- ,] (s -- a T). (23) 

To solve the problem we write this equation in 
finite differences: 

(8,+i- 8, T,+I-- T, ] 
cr t = E 8  t + ~  ~ At  a At / --EAT t .(24) 

Since t h e r e  a r e  no e x t e r n a l  f o r c e s ,  by analogy with 
(13) we w r i t e  

k 
~ (rtSZ : P=O. 

S u m m i n g  and going back  aga in  f r o m  AZ to in f in i -  
t e s i m a l s  dZ,  we f ind that  for  s y m m e t r i c a l  hea t ing  

---- Es--aTE + ~ e -  arI--T. (25) 

In this expression ~-is the mean integral value of the 
stress in the direction of the X-axis, equal to the 
external force P divided by the cross-sectional area. 
If P ~ 0, the structure of Eq. (25) coincides with that 
of (23); however, (25) contains the quantities E and 

averaged over the width of the plate. 
Equation (25) has an exact solution, and namely, 

t t _ _  f 

0 0 O 

Q=(z TE -? a~T_ (26) 

At l a r g e  r e l a t i v e  s t r a i n s  m e a s u r e d  in tens  and 
hundreds  of p e r c e n t ,  such as a r e  t y p i c a l ,  for  e x a m p l e ,  

of t h e r m o p l a s t i c  mold ing  p r o c e s s e s ,  in view of the 
s m a l l n e s s  of the t e m p e r a t u r e  s t r a i n s  we can a s s u m e  
that  Q ~ 0. Then (26) t a k e s  the f o r m  

t __ 

S : g o e x p  - - ,  -~- . 
fl 

4. H e r e d i t a r y  m a t e r i a l .  The s t r e s s - s t r a i n  r e l a t i o n  
for  a l i n e a r  h e r e d i t a r y  m a t e r i a l  is  e s t a b l i s h e d  by the 
e x p r e s s i o n s  

t 

= E ( e - - a T ) - - E  j" R ( t - - s ) ( e - -uT)ds ,  (27) 
0 

t 

s =  o E + _ E  _1 ~ K ( t - - s ) c r d s + a T .  (28) 
~J  
0 

Each of t he se  equat ions  can be used  fo r  d e s c r i b i n g  
the or(t) r e l a t i o n  in an indiv idual  l a y e r  of the p la te .  
We d iv ide  the t ime  in t e rva l  0 - t  into t s e g m e n t s  At.  
In a c c o r d a n c e  with (28), for  the f i r s t  t ime  s egmen t  
0 + 1 we can  w r i t e  that  in the i - t h  l a y e r  

cri,o+z 1 
So+z-- - -  @ Ki(ht)~i,o+lAl--}-aTi. (29) 

Hence the s t r e s s  in that  l a y e r  

El (eo+1 - -  a Ti) (30) 
Uf,0+ 1 = 1 + g~ (a t) a t 

Summing  the s t r e s s e s  ove r  al l  the l a y e r s ,  we find 
that  

k k 

= E E~(so+~--aT~) 
E (ri'~ 1 + Ki (A t) A t 

1 1 

(31) 

Hence,  c o n s i d e r i n g  that  at  t = 1. At,  l i m K i ( A t  ) ~ idem,  

E~aT~ 
P +  ~ l + K x ( A t ) A t  

1 - -  . ( 3 2 )  
g 0 + l  = k 

Ei 
1 +K~(At )A t  
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For  the t ime  O + 2At we co r respond ing ly  obtain 

~0+2 

P + ~  I+K~(At)At + ~ I+K(At )A t  

E~ (33) 
1 +K~(At)At 

We s i m i l a r l y  es tab l i sh  that at t ime 0 + t 

So+t= "laE~Ti+ P[l + Ki(At)ht]+ 

)(s ) + At ~., < (t A t) Oo+, e,. +... 
I 1 

k 

A t E (2At)oo+(r 

+ ' (34) 
"" k 

1 

Inc reas ing  the number  of in te rva l s  (m ~ oo and 
At - -  0), in the I imi t  we obtain 

t R 

s= ~- + - -  K(t--s) crdZds+a F. 
z 

0 0 

or 

R t 

= ~ + ~ .  t ( ( t  - ~) o aza~ + ~ -~--. 

0 0 

(35) 

In s t r u c t u r e  the l a t t e r  equation co r re sponds  to the 
s t a r t ing  re la t ion  (28), but contains  c h a r a c t e r i s t i c s  
averaged over  the width of the plate.  The analyt ic  
solut ion of this equat ion for  specif ic  t e m p e r a t u r e  
condi t ions  can be obtained by the col locat ion method 
in the fo rm of a sum of coordinate  funct ions :  

2 ~,~ (Z, t) = ~ Co ~ (t) , j  (Z), 
1 ,1  

i :  1 ,2,3 .. . . .  m; ] :  1 ,2,3 .. . . .  n. (36) 

As d is t inc t  f rom the solut ion for  a Maxwell m a t e r i a l  
the col locat ion points  a re  ass igned along two axes:  on 
the in te rva l  0 - R  along the Z coordinate  axis and on 
the in te rva l  0 - t  along the t ime  axis.  Summat ion  with 
r e spec t  to two indices  cons ide rab ly  i n c r e a s e s  the 
labor  of ca lcu la t ion  when Eq. (36) is employed.  Ac- 
cordingly ,  the mos t  effective methods of solving Eq. 
(35) may be n u m e r i c a l ,  for  example ,  the method of 
f ini te  sums .  

In ca lcu la t ions  based on equat ions (22), (26), (26'), 
(36) f inding the means  n, E, 7? etc. p r e s e n t s  c e r t a i n  diffi-.  
c u r i e s .  The p rocedure  can be s impl i f ied  by approx imat -  
i ng the  expe r imen ta l  r e l a t i ons  n(T), E(T),  ~?(T) with l i n -  
ea r  funct ions:  n(T) = n o + aT; E(T) = E 0 + bT; ~?(T) = 
= )?0 + eT. 

Averaging over  the in te rva l  0 -R ,  we obtain 

n=no+aT, E =Eo+bT, rl = rio = c'F. 

The funct ion T has been tabulated for a s e r i e s  of 
so lu t ions  of the heat conduct ion equation in [1]. 

In conclus ion,  we p r e se n t  an example  of the com-  
plete ca lcu la t ion  of the s t r a i n s  and s t r e s s e s  in a 
polymethyl  me thac ry l a t e  plate on the assumpt ion  that 
the mechan iea l  p rope r t i e s  of the m a t e r i a l  sa t is fy  
Voigt 's  equation.  

Conditions of the p rob lem.  The plate is in i t i a l ly  
s t re tched  in the h igh-e la s t i c  s ta te  at a t e m p e r a t u r e  
T = 130 ~ C to a s t r a i n  e 0 = 15.2% and then slowly 
eooled in the s t re tched  s ta te .  These and g r ea t e r  
s t r a i n s  occur  when polymethyl  me thac ry l a t e  is vac-  
uum- f o r me d .  The in i t ia l  t e m p e r a t u r e  of the plate  T = 
= 20" C is cons tant  over  the th ickness  2R = 4 mm.  At 
t ime  t = 0 the t e m p e r a t u r e  of the plate su r faces  be -  
comes  equal to T s = 100 ~ C and r e m a i n s  constant  in 
t ime .  It is  r equ i r ed  to ca lcula te  the change in the 
r e l a t ive  de format ion  of the pla te  as a funct ion of t ime .  
The the rma l  dfffusivity of polymethyl  me thac ry la t e  
a = 4" 10 -4 m2/hr .  

As the t e m p e r a t u r e  of the plate r i s e s ,  owing to the 
aet ion of the in t e rna l  " f rozen"  s t r e s s e s  the heat ing 
and softening of the m a t e r i a l  is aceompanied  by a 
p r oe e s s  of shr inkage  and shor ten ing  of the d imen-  
s ions  to the in i t ia l  values .  The given t e m p e r a t u r e  
in te rva l  is quite broad ( 130 - 20 - 100  ~ and ineludes  
the glass  t r ans i t i on  t e m p e r a t u r e  of polymethyl  me th -  
acry la te .  In the p r e s e n e e  of sueh a cons ide rab le  t e m -  
p e r a t u r e  change the p r inc ip le  of the t i m e - t e m p e r a t u r e  
analogy does not apply. Since the s t r a i n  component  
due to t he r ma l  expansion is much tess  than the i n i -  
t ial  value of the total  s t r a i n  (nAT = 8 .10  .5 (100-  
20 ~ = 0.64%), Eq. (26') will be used for ca lcu la t ion  
purposes .  We f i r s t  ca leula te  E and ~-for va r ious  
va lues  of the t ime  t. The r e s u l t s  of the ca lcu la t ion  
a re  p r e sen t ed  in the table .  We rep lace  the in te rva l  
in (26') by the sum 

lrn 

0 0 

The ca lcula ted  values  Of the in tegra l  and the func-  
t ion s(t) a re  also p resen ted  in the table.  The e(t) 
r e l a t i on  is plotted in Fig.  3, which also gives the 
r e s u l t s  of an expe r imen ta l  ve r i f i ca t ion .  A plate  of 
polymethyl  me thac ry l a t e  m e a s u r i n g  17 x 24 x 4 mm 
was Iowered into boi l ing  water ,  the long d imens ion  
of the pla te  was m e a s u r e d  per iod ica l ly ,  and the r e l a -  
t i re  deformat ion  calcula ted.  As a c o m p a r i s o n  shows, 
bes t  ag reemen t  with the ea lcu la t ion  is observed  at 
sma l l  heat ing t imes  and also af ter  the plate has been 
fully heated (Fo > 1). The g r ea t e s t  d i s c r epancy  (up 
to 27 %) between the ca lcula ted  and expe r imen ta l  va l -  
ues of the spec imen  length is observed  on the in te rva l  
140-300 sec,  which is p r i m a r i l y  a t t r ibu tab le  to the 
na tu re  of the a s sumpt ions  made,*  and also to the r e l a -  
t i r e  inaccuracy  of the input data.  In spi te  of th is ,  the 
r e l a t ion  obtained gives  a qual i ta t ive ly  c o r r e c t  r e f l e c -  
t ion of the shr inkage  p r o c e s s .  

*The l inea r  approximat ion  of E(T) and ~(T), the 
use of the Voigt equation,  and the condi t ion a = const .  
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Fig.  3. Variat ion of the length of a po lymethyl  meth -  
acry la te  s p e c i m e n  ( ram)  and the s t r e s s e s  a y  and a n 
( k g / c m  2) as a re su l t  of t emperature  action: 1) I = l (t); 
2) ey = ay(t); 3) cr n = an(t); 4) exper imenta l  resu l t s  

for  l = l ( t ) .  

In the calculation we employed a linear approxima- 
tion of the temperature dependence of the mechanical 
properties of polymethyl methacrylate, namely, 

E = 3.8.104 -- 3.79. i02 Tkg /cm z , 

~I = 1.9. I07 --  1.89. I05 T kg/cm 2. sec. 

Obviously, more accurate results can be obtained 
if, for example, the approximation takes the form 

E = a, ~- a~T -~- af t  "~, 

rl = bl q- b~T -}- ba t  ~. 

The table a l so  inc ludes  the va lues  of the p a r a m e t e r s  
needed for ca lculat ing  the s t r e s s e s  in the middle  s u r -  
face (Cry) and the surface  s t r e s s e s  (an). The s ign of 
the s t r e s s  is  de termined  according to the rule  

e N 0 ,  a(s) = E ~ : ~ 0 ,  

In accordance with (23) 

The time dependence of the stresses ay and (r n is 

shown graphically in Fig. 3. 

The equations obtained above take into account the 
variation of the mechanical properties of the visco- 
elastic material with respect to time and the space 

coordinate. Therefore they can be used for calculating 
the stresses and strains due not only to temperature 

effects but also to other factors leading to similar 
changes, including moisture content [3], aggressive 
media, radiation, etc., in other words, factors that 
create a nonstationary field of variation of the me- 

chanical characteristics in a plate of viscoelastic 
material. 

NOTATION 

T o is the initial temperature of plate; T s is the 
surface temperature of plate; ~n are the roots of 
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c h a r a c t e r i s t i c  equat ions ;  A n and B n a r e  cons tan t  
coef f ic ien ts ;  Fo  = a t / R  2 is  the F o u r i e r  number ;  k 
is  the number  of d iv i s ions  AZ with r e s p e c t  to the Z 
coord ina te ;  e0 is  the in i t i a l  de fo rma t ion ;  m is the 
number  of i n t e r v a l s  At. 
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